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Modelli a scelta discreta con funzione link asimmetrica
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Riassunto: In questo lavoro si utilizza la funzione di ripartizione della variabile casuale
normale asimmetrica come funzione link in un modello a scelta discreta. Si dimostra che
se il parametro di asimmetria A ¢ nullo le funzioni score sono linearmente dipendenti e
pertanto la matrice di informazione ¢ singolare. Per ovviare a questo problema si propone
una riparametrizzazione del modello che consente di derivare gli stimatori di massima
verosimiglianza anche nel caso in A = 0 ed assicura I’esistenza delle proprieta asintotiche
degli stimatori.
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1. Introduction

In discrete choice models the outcome Y;, for i=1,...,n, depends on a linear combination
of explanatory variables (xi,...,x;) through a link function F, ie. P(Y; = 1) =
1 — F(—x;/3), where (81, ..., B;)" is a vector of unknown parameters. Generally F is the
distribution function of a symmetric random variable (r.v.) such as the normal distribution
(probit model) or the logistic r.v. (logit model). Symmetric links, however, do not always
provide the best fit to the data when the probability of a given binary response approaches
to zero or one at different rates. In order to overcome this inconvenient Aranda-
Ordaz (1981) proposes a power transformation to model symmetric and asymmetric
departures from the logistic model while Chen (2004) suggests to adopt flexible classes
of distributions as link functions such that 1) the most common links can be considered
as special or limiting cases, 2) the skewness is regulated by a parameter so that a test on
this parameter can be carried out.

Flexible classes of distributions are characterized by a density function defined as
p(z) = 2f(2)G{w(x)}, for —oo < = < oo (Azzalini, 1985), where f is a density
function symmetric around zero, G is a differentiable function which takes value in (0,1)
and is such that G(—z) = 1 — G(z) and w(—x) = w(x). When w(x) = Az and f and
G are the density and the distribution function of the normal r.v., ¢ and ® respectively,
then p(x) = 2p(x)®(Az) is the density function of the skew normal (SN) r.v.. The
distribution properties of p(x) have been extensively studied in the statistical literature
(Genton, 2004). It has been shown that the information matrix is always singular when
A= 0if G"(0) = ¢'(0) = 0, where G’(-) = g(-), so that a reparameterization is required
(Pewsey, 2000).

In this paper we consider a discrete choice model where the link function is the SN
distribution function. Also in this case the information matrix is singular when A = 0
(Chiogna, 2005). In order to overcome this problem we propose a reparameterization, that
resembles the one proposed by Azzalini (1985), which yields a non singular information
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matrix and is such that Rotnitzky er al. (2000) results can be applied to derive the
asymptotic properties of the maximum likelihood (ML) estimators.

2. The skew normal link

Let (1, w9, ..., x;) be a set of independent variables, with z; = 1, and let us suppose that
the link function is the skew normal distribution function: P(Y; = 1) = 1—®(—z;3, \) =

1= 2[5 [ o(t)p(u)dudt (Azzalini, 1985). By estimating § = (By,..., B, \)’
through the maximum likelihood method we get the following score functions

Sp, =2 Z (23 B)P(—2;80) (i — 1)/ [(1 = )1ty

for j=1,....k, with y1, = 1 — ®(—x;3, \), and

= (2/m) 21+ 2% Zw(:vﬁ\/_HAZ)( )/ [0 = 1))

When A=0 the derivatives S [x—o and Sz, [\=¢ are linearly dependent: Sz, [\—o =
\/gSA |n=0. As a consequence, the information matrix is singular.

In order to have a non singular information matrix for the vector of estimators
when A = 0 we need to reparameterize the model. By following Azzalini’s proposal
(1985) and Chiogna (2005) we consider the following reparameterization: x; ﬁ =z, ﬁ +

[2/(7r(1 + )\2))] v , where 3 = 5, + A {2/(%( + )\2))} v while A = A and 3, = 3;

for j = 2,..., k. After the reparameterization the score functions for 0 = (51, o Br, 5\)’
are equal to

S5, = 22 (0 0) (=i {ﬁ} |
=1 ity

for j=1,....k, with ji, = 1 — ®(—z;3, \), and
N / _ _YiTHy
=3 [rm R0t (VIR 2000 (55)] [ |\

(1= fiy)iy |
WlthMl = 1/@ —A2W1/m.

When A = 0 S5 vanishes while %S;\ neither is zero nor is a linear combination of
S A S , the conditions (B1) and (B3) of theorem 4 by Rotnitzky et al. (2000, p. 261)
are satlsﬁed Consequently we have the following results
a) the MLE of § = (51, oo B, ) exists when 0 = 0, where 6, = (Bl, o B N = 0), it is
unique with a probability tending to 1 and it is a consistent estimator of 0 when 6 = 0,;
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b) by setting 6 — (%D - ii, n*1/4§\)’, then

(k+1)1
Zy Z — mzkﬂ
\/En) (0 - 00) - Zk I(Zk+1>0) + (I(k‘+1)k I(Zk+1<0)7

k = JlkrD)(k+1) “k+1
(_1)BZl/2 J(k+1)(k+1)
k+1

¥ . . a .
where I denotes the covariance matrix of (Sj,, ..., S5, 53.55/2), i.e.
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e (1—fiy)fiy » (1=fiy)fiy
fori =1, ...,n; where

/= T 112 / ~ / ~~ ~ ~ A
7 4[90(%5)@(4%@] L5, = So(ggi,@)<1>(—mim)B(a,agi)’ é _ i{ B2(0,x;) 02(0,xi)(2ﬂy—1)2},

(I=fy) iy (I=fiy)? 3

I3, for j,l = 1,....,k + 1, denotes the jl-th entry of ["', Z = (Zi, ..., Zj1) denotes a
mean-zero normal r.v. with variance equal to I' and B denotes a Bernoulli variable with
parameter 1/2 that is independent of Z; I,y denotes the indicator function;

c) the likelihood ratio statistics for testing the simple null hypothesis H, : 6 = 0,
converges in distribution to a mixture of a X} 4+ and a X: r.v. with mixing probability
equal to 1/2, i.e.

k1 k
2 {Ln(e) - Ln(eo)} — Z Z Lz, >0) + Z Z1(z: <o)
i=1 i=1

where Z7, fori = 1,..., k + 1, are independent N (0, 1) r.v..
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In order to investigate the finite-sample properties of the estimators when A = 0, a
simulation study has been conducted. It has been considered a model with an explicative
variable, whose values have been generated from a Uniform r.v. defined on [-1,1], and
parameters (5, = 0.5 and 32 = 2. The outcome of the model, y;, has been put equal
to 1 when (81 + fax; + €;) > 0, ¢ is N(0,1) distributed. 10000 samples of sizes 250,
500 and 1000 have been generated. The parameters have been estimated by considering
the proposed reparameterization. The biases and root mean squared errors (RMSEs) of §
estimator are presented in table 1 where the last column reports the number of samples
for which the ML estimate of A occurs on the boundary. In order to handle this problem
we followed the procedure implemented by DiCiccio and Monti (2004): A was taken to
be the smallest value \q such that Hy : A = \q is not rejected at the 5% level by a test that
assumes that the likelihood ratio statistic has the x? distribution. The slow convergence of
A to ) can be explained by the adopted reparameterization. 62 is generally reliable, while
51 depends on ) so that a large sample size is required for the estimate.

Table 1: Biases and RMSEs ofé MLEs: N =0, 61 =0.5, 55 = 2.

n A Ioi 5 %()\ > 10)
250 | -1.04 | -0.37 | -0.29 729
(1.97) | (0.58) | (0.50)

500 | -0.91 | -0.39 | -0.26 90
(1.54) | (0.56) | (0.43)
1000 | -0.65 | -0.05 | -0.21 0

(1.01) | (0.09) | (0.35)
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